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ORIGINAL PAPER

Quasi-quantum phenomena: the key to
understanding homeopathy

Marcin Molski*

Department of Theoretical Chemistry, Faculty of Chemistry, Adam Mickiewicz University of Poznań, ul Grunwaldzka 6,
PL 60-780 Poznań, Poland

On the basis of the first- and second-order Gompertzian kinetics it has been proved that
the crystallization and its reciprocal process of dissolution belong to the class of quasi-
quantum non-local coherent phenomena. Hence, there exists a direct link to homeopa-
thy: molecules of the remedy prepared in the process of dilution of the active substance
are non-locally interconnected at-a-distance. The results obtained provide strong
arguments justifying formulated ad hoc macroscopic versions of quantum non-locality, en-
tanglement and coherence employed in interpretation of the homeopathic remedies activity
and effectiveness. In particular they are consistent with the predictions of the weak quantum
theory developed by Atmanspacher and coworkers. Homeopathy (2010) 99, 104–112.
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Introduction
In order to explain theoretically the enigma of homeopathy,

researchers employ either well established physical concepts
like thermodynamics,1 chaos,2 field,3 quantum theory4,5 or
generalize existing models to obtain e.g. weak version of
the quantum mechanics6 or macroscopic version of quantum
entanglement7–9 and non-locality.10 The second approach
seems to be more prosperous, although controversial (mainly
due to the decoherence problem), as the orthodox quantum
theory is difficult to apply on the macroscopic scale, which
is a genuine scene for homeopathic processes, i.e. remedy
preparation and therapy. It is generally assumed that typical
microscopic effects as quantization, superposition, correla-
tion or uncertainty do not appear in macroscopic word. There
exist, however, the macroscopic quantum phenomena of the
first kind (superconductivity, superfluidity) and the second
kind (macroscopic quantum tunnelling via Josephson junc-
tion), but they play significant role at low temperatures
when there is little thermal motion present to mask the quan-
tum nature of a substance.11,12 Hence, the macroscopic

quantum phenomena of the first and second kind cannot be
employed in investigation of homeopathic remedies activity
and their effectiveness. On the other hand, researchers
discovered that some microscopic concepts as non-locality
or entanglement can be applied in formulating quantum met-
aphors for homeopathy,13–17 which are very useful in
description18 of its frontier problems.

The main objective of the present work is introducing, on
the basis of the previously obtained results,19,20 a new class
of quasi-quantum phenomena responsible – among others –
for biological growth (regression) and crystallization (dis-
solution) processes. The proposed model is introduced in
the framework of the generalized quantum theory including
space-like (non-local) fields. Quasi-quantum phenomena
seem to be a missing link between micro- and macro-
levels of the matter organization, which provide strong
arguments for justifying ad hoc formulated macroscopic
versions of quantum entanglement6–9 and non-locality10

employed in construction of quantum metaphors for home-
opathy.13–18 In particular the quasi-quantum phenomena
are consistent with the weak quantum theory6 predicting ex-
istence of quantum formalism without Planck’s constant
and probabilistic interpretation, which can be applied in
the macroscopic areas, for instance, in philosophy, psychol-
ogy and medicine.

The paper is organized as follows. The basic concepts of
the growth (decay) according to the first- and second-order
Gompertzian kinetics, non-locality and entanglement as
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well as the minimum-uncertainty space-like coherent states
of the Morse oscillator are presented in Appendix. They are
employed to define the quasi-quantum phenomena in the
main part of the article, in which some possible applications
of the results obtained in interpretation of the homeopathic
remedies activity are proposed and connections with exist-
ing theories and discoveries in the field are discussed.

Quasi-quantumphenomena
It is generally assumed that micro- and macro-worlds are

characterized by the two classes of phenomena: quantum
and classical. The quantum properties of micro-objects
(particle, atom, molecule) are coded in the wave equations
(11) and (12), whose eigenfunctions define the state of the
object, whereas eigenvalues represent so-called observ-
ables, for example energy or momentum. The quantum
world is characterized, among other, by the following phe-
nomena: quantization of observables – they can take dis-
crete values; superposition and coherence of quantum
states; position–momentum and time–energy uncertainty
described by the Heisenberg’s relations; non-local long-
range correlations characterized by the Bell’s inequality
and entanglement of distinct quantum states and objects
via e.g. Einstein–Podolski–Rosen channel. On the other
hand, the classical level of the matter organization is de-
scribed by the Hamilton and Lagrange equations of motion
for objects moving on the well defined time- and space-
trajectories. Their observation does not change the state of
the object hence, both time and energy, position and mo-
mentum are determinable at the level of experimental accu-
racy. The macro-observables are not quantized, so the
energy and momentum of macro-object can take arbitrary
real values and the state of the system is unequivocally
determined by the Hamilton or Lagrange functions and
the initial conditions.

On the border line between micro- and macro-levels of
matter organization, there are the macroscopic quantum
phenomena of the first and second kind.11,12 Additionally,
the results presented in the Appendix admit existence of
the macroscopic quantum phenomena of the third kind ap-
pearing in the Gompertzian systems. The notion Gompert-
zian system denotes, for example, living systems (organ,
tissue, organism, population of organisms, bacterial colony,
tumour) as well as crystals composed of atoms, molecules
or ions, whose growth (decay) is described by the Gompertz
function (1). The Gompertz growth function belongs to the
wide class of sigmoidal (S-shaped) functions and describes
exponential growth, which then is exponentially retarded
and saturated as time continues. The Gompertzian growth
is a result of two classes of competitive processes: the first
process stimulates growth and the second constrains growth
at the saturation stage. The modified Gompertz function (3)
has also been applied to describe the crystallization (disso-
lution) process. The process of crystallization consists of
two stages: (i) nucleation in which molecules come into
contact and interact to form spatially ordered structures,
and (ii) crystal growth which is the enlargement of the inter-
acting nuclei. Since there are several analogies between

crystallization and bacterial growth (growth of bacteria re-
sembles nucleation and crystal’s enlargement, whereas bac-
terial consumption of nutrients resembles a decrease in
supersaturation), this process can be described by the mod-
ified Gompertz function (3). It can be proved that this func-
tion satisfies the second-order differential equation (8),
representing the so-called second-order Gompertzian kinet-
ics. It is interesting to note, that equation (8) is a special case
of the more general quantum space-like Horodecki–Fein-
berg equation (17) for the time-dependent Morse potential
(16). In particular, a comparison of the macroscopic equa-
tion (8) for the Zwietering–Gompertz function (7) with
the quantum equation (17) and its ground state solution
(19) for the time-dependent Morse oscillator, leads to the
following conclusions:

1. The second-order macroscopic equation governing the
Gompertzian growth is a special case of the quantum
Horodecki–Feinberg equation for the time-dependent
Morse oscillator.

2. The quantum wave function for the ground state of the
Morse oscillator for xe = 1 is reduced to the macroscopic
Zwietering–Gompertz function.

3. The transition from the micro- to macro-domain can be
done by substitution xe = 1 and v = 0 in the quantum
formulae.

4. The macroscopic second-order Gompertzian kinetics is
described by the quasi-quantum equation whose eigen-
value is quantized and takes only one value 1̌̌/4 .

5. The Gompertzian systems are characterized by only one
eigenfunction representing the fundamental mode of
growth.

6. The eigenvalue 1̌̌/4 is equal to the dimensionless dissoci-
ation energy of the Morse oscillator, hence the latter is in
the dissociation state – there is no oscillation in time and
the evolution of the system is consistent with the arrow of
time.

The presented above conclusions are revolutionary as they
reveal existence of a new, so far unknown, class of the mac-
roscopic quantum (quasi-quantum) phenomena appearing
in the Gompertzian systems. The notion quasi-quantum refers
to the possibility of application of the quantum language and
formalism in description of macroscopic phenomena like
biological growth or crystallization process. In particular
the second-order Gompertzian kinetic equation (8) takes iden-
tical form as the microscopic eigenvalue equation for the
quantized state of growth. Since the second-order growth
equation (8) is a special case of the non-local Horodecki–
Feinberg equation (17), the Gompertzian growth belongs to
the class of macroscopic non-local phenomena. The nature
of this non-locality can be explained having introduced an-
other quasi-quantum phenomenon – macroscopic coherence.
If we put xe = 1 into quantum annihilation and creation equa-
tions (25) and (26), the former reduces to the equation
describing growth whereas the latter – regression (decay) of
a macroscopic Gompertzian system. The results obtained
indicate that the quantum equations describing non-local co-
herent states of time-dependent Morse oscillator with anhar-
monic constant equal to one have identical form as the
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equations describing Gompertzian growth and regression.
Since such states evolve coherently in space on the localized
time trajectory, spatial coherence appears as immanent prop-
erty of the Gompertzian growth and decay. Macroscopic spa-
tial coherence and non-locality coupled together explain
formation of the specific growth patterns in the Gompertzian
systems, which is a result of non-local long-range cooperation
between the micro-components of the system and the system
as a whole. Micro-components can be identified with cells of
the biological system or with atoms, molecules, ions in the
crystal. In view of the above, the quasi-quantum model ex-
plains spatial, long-range coordination of numerous biologi-
cal functions and entities leading to integration of the
micro- and macro-levels of organization of the living systems.
It demonstrates also that both crystallization and dissolution
processes can be interpreted in terms of the space-like coher-
ent states of the time-dependent Morse oscillator. Another
quasi-quantum effect which appears in the Gompertzian sys-
tems is the time–energy uncertainty. It is easy to prove that the
macroscopic Zwietering–Gompertz function (7) mini-
mizes19,20 the time–energy uncertainty relation (22). This re-
sult indicates that the macroscopic growth function (7)
behaves like a quantum function, which minimizes the
time–energy uncertainty relation. It means that the Heinsen-
berg relation despite of the presence in it the Planck’s constant
is fulfilled not only in micro- but also in the macro-domain.

Quasi-quantumhomeopathy
The quasi-quantum phenomena appearing in the Gom-

pertzian systems justify the application of the quantum
formalism and language in description of the macroscopic
domain. In particular the crystal growth (dissolution) ac-
cording to the Zwietering–Gompertz function (7) can be
interpreted in terms of non-local coherent states of the

time-dependent Morse oscillator. Such processes are spa-
tially coherent – it means that the formation of the specific
growth patterns in the Gompertzian systems is a result of
a non-local long-range cooperation between micro-level
represented by the micro-components of the system and
the macro-level representing the system as a whole. In the
case of crystallization, the micro-level is identified e.g.
with molecules, whereas the macro-level with the crystal
i.e. system of interacting molecules. In this picture the
Zwietering–Gompertz growth function (7) describes the
growth of the spatially coherent macroscopic ensemble in
which a large number of molecules collectively cooperate
in the ground coherent mode of growth. If crystallization
and its reciprocal process of dissolution belong to the class
of quasi-quantum non-local coherent phenomena there ex-
ists a direct link to homeopathy: the molecules of the rem-
edy prepared in the process of dilution of the active
substance are interconnected at-a-distance by non-local
correlations, which can be viewed as quasi-quantum (mac-
roscopic) version of the quantum entanglement (see
Figure 1). In this respect, the spatially correlated system
of molecules can be described in the framework of
a multi-particle counterpart of the famous Einstein–Podol-
ski–Rosen (EPR) thought experiment,29,30 in which
a measurement of the state of one component of the
system gives information on the state of the other
entangled components of the same system, separated by
an arbitrary distance. According to the Bohr’s
interpretation of this effect,30 the entangled micro-objects
form an inseparable quantum ensemble whose inseparabil-
ity does not depend on the spatial distance between its com-
ponents. Adopting this interpretation to the molecules of the
active substance one may admit that they form inseparable
molecular system despite of spatial separation of constitu-
ents, caused by the dilution process. Therefore, each

Figure 1 The dissolution and its reciprocal process of crystallization of an active substance as the macroscopic non-local (space-like) co-
herent phenomenon. The active molecules of the remedy are interconnected at-a-distance by non-local correlations, which can be viewed as
quasi-quantum counterpart of the quantum entanglement.
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molecule of the active substance is non-locally intercon-
nected at-a-distance with the other active molecules re-
moved off the medicine during its preparation. In such
circumstances the therapeutically active ingredient is the
molecule carrying information about the state (property, ac-
tivity) of all molecules of the active substance. This infor-
mation is administered during therapy. The interpretation
proposed has an analog – holographic effect, in which the
part of the hologram possesses information coded in the
whole hologram. The term hologram was introduced by
Dennis Gabor in 1947; it is derived from the Greek words
O
00
lo2(hólos) (whole) and graf�g (graf)�e (writing, drawing).

Holography is a technique which allows the light scattered
from an object to be recorded in the holographic material in
such a way that each part of the hologram is able to repro-
duce the whole image of the object, when illuminated by
a laser beam. Holographic materials contain crystals of
the active substance around 30 nm or less in diameter. To
make such crystals, it is necessary to use conditions which
allow crystal formation at the nucleation stage but effec-
tively prevent crystal enlargement. According to Michael
Talbot31 interpretation, the whole in every part nature of
a hologram provides us with an entirely new way of under-
standing organization and order. If we try to take apart
something constructed holographically, we will not get
the pieces of which it is made, we will only get smaller
wholes. In the holographic model of the homeopathic activ-
ity, the remedy should contain at least one molecule of the
active substance. In the case of the dilutions beyond Avoga-
dro number, when no molecules of the active substance are
present in remedy, one may indicate a similar phenomenon
for the molecules of the solvent (water, ethanol, lactose)
used in producing homeopathic remedies. When the active
substance is successively diluted in the solvent and vigor-
ously shaken with striking against an elastic surface in a suc-
cessive procedure two processes on the micro-level take
place: first – molecular dispersion of the conglomerates of
the substance, and second – removal of the active molecules
of the tincture in the series of dilutions. Both processes re-
sult in diminishing the mean distance between molecules of
the solvent and increasing electrostatic interactions between
them, which are conditions sine qua non for appearance of
nucleation – prerequisite to formation of ordered quasi-
crystal structures of the solvent. Because crystallization
can be viewed as non-local coherent phenomenon, the dilu-
tion generates molecules of the solvent in the correlated
(quasi-entangled) state amenable to form complex struc-
tures against decoherence due to collisions with other mol-
ecules, exchanging the electromagnetic radiation and
chaotic thermal influences. The results reported by Del Gui-
dice et al23 confirmed that the water molecules can move in
highly correlated and ordered way due to interactions be-
tween water electric dipole and radiation field, which pro-
duce ordered quasi-crystal structures in macroscopic
domain, i.e. within a few hundred microns. According to
Weingärtner,4,5 such correlated molecular configurations
can be effective carriers of information between
molecules of the active substance and molecules of the
solvent, during preparation of homeopathic medicines.

Hence, they are reliable candidates for material carriers of
information that is administered during a homeopathic
treatment. This interpretation admits homeopathic activity
of the remedy even in the case when no molecules of the
active substance are present in it. A model, quantitatively
describing this phenomenon, is under construction.

Conclusions
It is generally assumed that entanglement and co-existing

coherence and non-local correlations appear only in the mi-
croscopic quantum domain. Hence, they are of not much in-
terest for macroscopic everyday life as entanglement is
completely broken up at the macroscopic level. It is argued
that it is mainly due to decoherence – one of the crucial rea-
sons why macroscopic objects never show quantum behav-
iour. They are so big that they interact strongly with the
environment and lose their coherence and entanglement
very quickly. In other words, the absence of quantum be-
haviour in the macro-domain arises naturally due to the in-
creasing difficulty of isolating objects of increasing size and
complexity from their environment. The interactions of the
micro-objects with the environment result in information
transfer that is responsible for the ‘classical’ behaviour
of quantum objects. However, according to other opin-
ions,3–10,13–18 entanglement, non-locality and coherence
might have played a major role in such areas as philosophy,
psychology, homeopathy and alternative healing. In partic-
ular the macroscopic non-locality and entanglement may
play a role in the hypothetical macroscopic quantum phe-
nomena including instantaneous, acausal correlations and
influences between patient, practitioner and remedy,13–17

ultimately leading to the observed improvement in the
patient’s state of health. Additionally macroscopic non-
locality has the advantage of being applicable outside ho-
meopathy to other healing disciplines, especially those re-
ferring to holistic concepts of biological reality as, for
example, the Jung’s synchronicity.10

The results obtained in this work, particularly the possi-
bility of appearance of the coherence, non-locality, quanti-
zation, uncertainty in the macro-world, are in
contradistinction to the orthodox claim that the quantum

Figure 2 The plots of the dimensionless Gompertz growth func-
tion G(t), Morse potential V(t) and dissociation level D = 1/4.
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theory and its implications apply only within the domain of
micro-particle physics. Now, it is clear that the strangest
outcomes of quantum theory – non-locality, coherence,
quantization, uncertainty – are not size-limited and may
play important role in the living systems, crystal formation
and homeopathy. It particular, it has been proved20 that
macroscopic function (7) minimizes the time–energy uncer-
tainty relation (15) including the Planck’s constant. This re-
sult reveals that the quantum formalism can be directly
applied to the macroscopic function describing biological
or substantial growth.

It is well-known that entanglement occurs when parts of
a system are non-locally correlated at-a-distance in such
a way that measurement of one part of the system instanta-
neously (i.e. not limited by the speed of light as the upper
limit) provides information about its other parts, regardless
of their spatial separation. Such a non-local communication
channel enables each micro-component to obtain informa-
tion about the state of the system as a whole and respond
to it adequately. This response requires self-organization
of the system and effective cooperation of all its intercon-
nected sub-elements, whereas the non-local character of
this connectedness enables the system to form coherent
complex patterns under the influence of external and internal
conditions. In view of this, the non-local spatial coherence of
the biological and substantial growth according o the
Gompertz function (1) explains why this function almost
perfectly describes the growth of organisms, organs, tumours,
bacterial colonies, demographic systems and crystals.

The coherent growth of the Gompertzian systems accord-
ing to the second-order kinetics is driven by the time-
dependent counterpart of the Morse potential and resembles
the dissociation state of the anharmonic oscillator. In this re-
spect, the model proposed is consistent with the Hankey21

concept of the macroscopic coherence at critical instabilities
and the Fhröhlich model22 of the macroscopic quantum co-
herence in the biological systems treated as the coupled os-
cillators in a heat bath supplied with energy at a constant
rate – when it exceeds a certain mean rate then oscillators
condense into one giant dipole whose sub-elements are spa-
tially interconnected to each other.

The macroscopic second-order Gompertzian kinetics is
governed by the quasi-quantum equation including quan-
tized eigenvalue. This equation does not contain the
Planck’s constant and its eigenfunction is not interpreted
in probabilistic terms. Hence, it is consistent with the pre-
dictions of the weak quantum theory developed by Atmans-
pacher and coworkers.6 Also creation–annihilation
equations for the coherent states of the Morse oscillator
for anharmonic constant equal to one are deprived Planck’s
constant and have identical form as the macroscopic equa-
tions of the Gompertzian growth and decay.
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Appendix
Completion of characterisation of the quasi-quantum

phenomena requires introduction of some indispensable
physical concepts, mathematical formulae and transforma-
tions. They are collected in the subsections presenting the
first- and second-order Gompertzian kinetics, the concept
of non-locality and entanglement as well as the minimum-
uncertainty space-like coherent states of the time-
dependent Morse oscillator.

Gompertzian systems

In 1825 Benjamin Gompertz24 introduced in the frame-
work of actuarial mathematics the sigmoidal (S-shaped –
see Figure 2) function

GðtÞ ¼ G0 exp{b

a
½1� expð�atÞ�}; (1)

which permits calculating the force of mortality. Nowadays it

is employed in biology and medicine to describe the growth

of living systems (organ, tissue, organism, population of or-

ganisms, bacterial colony, tumour). Here G0 stands for the

initial mass, volume, radius or number of cells or entities,

whereas the constants a and b (a, b > 0) characterize the dy-

namics of growth (regression) according to the first-order

Gompertzian kinetics

d

dt
GðtÞ ¼ b expð�atÞGðtÞ; d

dt
GðtÞy¼ �b expð�atÞGðtÞy:

(2)

Here G(t)y = G(t, b /�b) defines the Gompertzian system

in the regression (decay) phase. The modified Gompertz

function

ZðtÞ ¼ Z0 exp½ � expð�at þ dÞ�; a ¼ me

Z0

; d ¼ mel

Z0

þ 1

(3)

introduced by Zwietering et al25 can also be applied to describe

the crystallization process,26,27 in particular the crystal growth

(�) and reverse process of crystal decay (+) (dissolution). In

the case of growth, Z0 stands for the maximal value reached

by Z(t) as t / N, m is the maximum specific growth rate

defined as the tangent in the inflection point, l denotes the

lag time defined as the t-axis intercept of that tangent

whereas e = 2.718281. is the Neper’s number. The

Zwietering–Gompertz growth and decay functions (3) are

the solutions of the first-order differential equations

d

dt
ZðtÞ ¼ a expð�at þ dÞZðtÞ;

d

dt
ZðtÞy¼ �a expð�at þ dÞZðtÞy ð4Þ

in which Z(t)y denotes decay (dissolution) state. Employing

the dimensionless variable

t ¼ aðt � teÞffiffiffi
2
p ; te ¼

1

a
½lnð2Þ þ d�; (5)
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the equations of growth and decay (4) can be transformed to

the form

1ffiffiffi
2
p
"

d

dt
þ

1� exp
�
�

ffiffiffi
2
p

t
�ffiffiffi

2
p �

ffiffiffi
1

2

r #
ZðtÞ ¼ 0;

1ffiffiffi
2
p
"
� d

dt
þ

1� exp
�
�

ffiffiffi
2
p

t
�ffiffiffi

2
p �

ffiffiffi
1

2

r #
ZðtÞy¼ 0 (6)

in which

ZðtÞ ¼ Z0 exp

�
� 1

2
exp
�
�

ffiffiffi
2
p

t
��
;

ZðtÞy¼ Zy0 exp

�
þ 1

2
exp
�
�

ffiffiffi
2
p

t
��
: (7)

By differentiating Z(t) twice with respect to t-coordinate
one may prove that this function satisfies also the equation20

�1

2

d2ZðtÞ
dt2

þ 1

4
{1� exp

�
�

ffiffiffi
2
p

t
�}2

ZðtÞ ¼ 1

4
ZðtÞ (8)

representing the so-called second-order Gompertzian kinet-

ics in Z(t) representation. It is easy to demonstrate that the

above equation is also satisfied20 by the original Gompertz

function of growth (1).

GðtÞ ¼ GNexp

�
� 1

2
exp
�
�

ffiffiffi
2
p

t
��
; GN ¼ G0 exp

	
b

a



(9)

expressed in the dimensionless variable

t ¼ aðt � teÞffiffiffi
2
p ; te ¼ �

1

a
ln
� a

2b

�
; (10)

which provides the second-order Gompertzian kinetics in the

G(t) representation.

Non-locality and entanglement

The local (time-like) systems move with subluminal
velocities and interactions between them are restricted – ac-
cording to Einstein’s special relativity – by the velocity of
light in vacuum. In the case of non-local (space-like) sys-
tems their motion and interactions or mutual influences
(e.g. correlations) between constituents are not subjected
to limitation involving the velocity of light as the upper
limit. In such systems the interactions at-a-distance includ-
ing instantaneous correlations between objects separated
even on macroscopic distances are possible.28 Since the pi-
oneer work by Einstein, Podolsky and Rosen (EPR) was
published29,30 the non-local systems have become the sub-
ject of intensive studies. The experiments by Aspect and his
coworkers32,33 proved that separable quantum systems can
be interconnected via non-local EPR correlations. Accord-
ing to Schrödinger34 a source of this connectedness is en-
tanglement defined in the following manner: ‘‘When two
systems, whose states are known by their respective repre-
sentatives, enter into temporary physical interaction due to

known forces between them, and when after a time of mu-
tual influence the systems separate again, then they can
no longer be described in the same way as before. By
the interaction the two representatives have become en-
tangled’’. Quantum entanglement is a physical resource as-
sociated with the non-classical correlations that are possible
between separated elements of quantum systems. Entangle-
ment can be measured, transformed, purified35,36 and
employed in quantum communication and computing,37,38

superdense coding and cryptography,35,36 as well as in
teleportation of quantum states.37,38

Despite of non-local interconnectedness of quantum ob-
jects, the EPR effect and entanglement cannot be used to
send superluminal signals from one object to another – there
is no means to transfer messages via this procedure.39–42

However, this prohibition is broken if quantum mechanics
is allowed to be ‘slightly’ non-linear43 or is interpreted in
transactional44 or tachyonic45 terms. In view of this we can-
not exclude a possibility of existence of a space-like transfer
of information between micro-objects even though no ma-
terial signal or energy is passed between them.46

In the local quantum systems the fundamental role plays
the Schrödinger equation describing a particle of mass m
moving with subluminal velocity in the field of the scalar
potential V(r)

� Z2

2m

d2j

dr2
þ VðrÞj ¼ Ej: (11)

In the generalized non-local quantum theory a particle of

mass m moving with superluminal velocity in the field of

the time-dependent vector potential V(t) is described by the

Horodecki–Feinberg equation47,48

� Z2

2mc3

d2J

dt2
þ 1

c
VðtÞJ ¼ PJ: (12)

Here j denotes the wave function associated with a particle

of energy E, Z = 105,457,266� 10�34 J s is the Planck con-

stant divided by 2p, c is the light velocity, whereas J repre-

sents a non-local matter wave associated with the

superluminal particle of momentum P. Equation (12) repre-

sents the non-relativistic version of the relativistic Feinberg

equation47 for non-local faster than light objects. It has

been derived by Horodecki48 by taking advantage the same

procedure as that used in deriving the Schrödinger equation

(11) from the relativistic Klein–Gordon equation for local

slower than light particles.48

Time- and space-like coherent states

The minimum-uncertainty coherent states jai are defined
as eigenstates of the annihilation operator49

A
_
jai ¼ ajai: (13)

They minimize the Heisenberg position–momentum
uncertainty relation

Dr2Dp2$� 1

4
haj½r; p

_ �jai2¼ Z2

4
(14)
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in which p
_ ¼ �iZd=dr denotes the momentum operator,

whereas ½r; p
_� ¼ rp

_ � p
_

r ¼ iZ is the commutator of the

position–momentum operators. This definition is useful in

construction of the coherent states of anharmonic oscilla-

tors describing, for example, vibrational motion of molecu-

lar systems. The coherent states defined above are local

(time-like), it means that they are associated with sublumi-

nal objects and propagate coherently in time on the well de-

fined space trajectory.50 If we take into account the

Horodecki–Feinberg equation one may introduce the non-

local (space-like) coherent states of anharmonic oscillators.

Those states are associated with superluminal objects and

propagate coherently in space along the well defined time

trajectory.20 Such states minimize the time–energy uncer-

tainty relation20

Dt2DE2$� 1

4
haj½t;E

_
�jai2¼ Z2

4
(15)

in which E
_
¼ iZd=dt denotes the energy operator.

Space-like coherent states of the Morse oscillator

Employing the time-dependent version of the Morse
potential51

VðtÞ ¼ De{1� exp½ � aðt � teÞ�}
2

(16)

one may construct20 the minimum-uncertainty coherent

states of the time-dependent Morse oscillator. Here, De

is the potential depth identified with the dissociation en-

ergy of the oscillator, a is range parameter, whereas te is

equilibrium time in which potential (16) attains minimum

equal to zero. The Morse oscillator belongs to the wide

class of anharmonic vibrating systems, whose compo-

nents (e.g. atoms) move under the effect of the force gen-

erated by the potential (16). Each anharmonic potential

should satisfy the two fundamental conditions: V(t /
N) = De (dissociation state) and V(t = te) = 0 (potential

minimum).

In order to construct the space-like coherent states of the
Morse oscillator, which minimizes the time–energy uncer-
tainty relation (15), we employ the Horodecki–Feinberg
equation (12) including potential (16)

{� 1

2

d2

dt2
þ 1

4xe

h
1� exp

�
�

ffiffiffiffiffiffiffi
2xe

p
t
�i2

�
	

vþ 1

2




þxe

	
vþ 1

2


2}Jv ¼ 0 (17)

expressed in the dimensionless coordinate

t ¼ aðt � teÞffiffiffiffiffiffiffi
2xe

p ; xe ¼
Za

c
ffiffiffiffiffiffiffiffiffiffiffi
8mDe

p (18)

in which xe stands for the anharmonic parameter characteriz-

ing the oscillator. The eigenvalues of this equation are quan-

tized, it means that they take discrete values according to the

quantum number v = 0,1,2,., whereas the wave function of

the ground states (v = 0) reads

The Horodecki–Feinberg equation can be factorized
using the creation and annihilation operators20

ÂyÂJv ¼ Ev � E00ÂyÂJ0 ¼ 0;

Ây ¼ 1ffiffiffi
2
p
�
� d

dt
þ

1� exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
�ffiffiffiffiffiffiffi

2xe

p �
ffiffiffiffi
xe

2

r �
;

Â ¼ 1ffiffiffi
2
p

�
d

dt
þ

1� exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
�ffiffiffiffiffiffiffi

2xe

p �
ffiffiffiffi
xe

2

r �
: (20)

The non-local coherent states of the time-dependent Morse
oscillator are eigenstates of the annihilation operator20

Âjai ¼ ajai; jai ¼ exp

�
� 1

2xe

exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
��

exp

�
� 1ffiffiffiffiffiffiffi

2xe

p ð1� xeÞt
�

exp
h
a
ffiffiffi
2
p

t
i
: (21)

One may prove19,20 that they minimize the time–energy
uncertainty relation expressed in the Morse variable T(t)35

DTðtÞ2DE2 ¼ Z2

4
hajexp

�
�

ffiffiffiffiffiffiffi
2xe

p
t
�


ai2;

TðtÞ ¼
1� exp

�
�

ffiffiffiffiffiffiffi
2xe

p
t
�ffiffiffiffiffiffiffi

2xe

p �
ffiffiffiffi
xe

2

r
: (22)

Micro–macro correspondences

Comparison of the macroscopic second-order differential
equation (8) for the Zwietering–Gompertz function (7),
with the quantum Horodecki–Feinberg equation (17) and
its ground state solution (19) for the time-dependent Morse
oscillator, reveals the following relationships

{� 1

2

d2

dt2
þ 1

4xe

h
1� exp

�
�

ffiffiffiffiffiffiffi
2xe

p
t
�i2

�
	

vþ 1

2




þxe

	
vþ 1

2


2}Jv /
xe¼1;v¼0{� 1

2

d2

dt2

þ1

4

h
1� exp

�
�

ffiffiffi
2
p

t
�i2

�1

4
}ZðtÞ ¼ 0: (23)

JðtÞv /
xe¼1;v¼0

ZðtÞ

N0 exp

�
� 1

2xe

exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
��

exp

�
� 1ffiffiffiffiffiffiffi

2xe

p ð1� xeÞt
�

/
xe¼1

ZNexp

�
� 1

2
exp
�
�

ffiffiffi
2
p

t
��
: (24)

J0 ¼ N0 exp

�
� 1

2xe

exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
��

exp

�
� 1ffiffiffiffiffiffiffi

2xe

p ð1� xeÞt
�
: (19)
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They evidently prove that the second-order Gompertz equa-

tion of growth (8) is a special case of the more general quan-

tum non-local Feinberg–Horodecki equation (17), whose

ground state eigenfunction (v = 0) for xe = 1 is reduced to

the Zwietering–Gompertz growth function (7).

Similar correspondences can be obtained for the macro-
scopic first-order kinetics (6) describing crystal growth
and decay. Introducing xe = 1 into the quantum annihila-
tion–creation equations (20) one gets the macroscopic equa-
tions of the crystal growth and regression

Âj0i ¼ 1ffiffiffi
2
p
�

d

dt
þ

1� exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
�ffiffiffiffiffiffiffi

2xe

p �
ffiffiffiffi
xe

2

r �
j0i/

xe¼1

1ffiffiffi
2
p
"

d

dt
þ

1� exp
�
�

ffiffiffi
2
p

t
�ffiffiffi

2
p �

ffiffiffi
1

2

r #
j0i/

t/t

dZðtÞ
dt
� a expð�at þ dÞZðtÞ ¼ 0: (25)

h0jÂy ¼ h0j 1ffiffiffi
2
p
�
� d

dt
þ

1� exp
�
�

ffiffiffiffiffiffiffi
2xe

p
t
�ffiffiffiffiffiffiffi

2xe

p �
ffiffiffiffi
xe

2

r �
/
xe¼1

h0j 1ffiffiffi
2
p
"
� d

dt
þ

1� exp
�
�

ffiffiffi
2
p

t
�ffiffiffi

2
p �

ffiffiffi
1

2

r #
/
t/t

dZðtÞy

dt
þ a expð�at þ dÞZðtÞy¼ 0: (26)

Here, j0i and h0j denote the ground state eigenfunctions of

the annihilation and creation operators. It can be proved

that the macroscopic Zwietering–Gompertz function mini-

mizes the time–energy uncertainty relation11,12

DTðtÞ2DE2$� 1

4

�
0
�
TðtÞ; Ê

�
0
�2
;�

TðtÞ; Ê
�
¼ iZ exp

�
�

ffiffiffi
2
p

t
�

ð27Þ

in which T(t) is the Morse variable for xe = 1 whereas j0i
denotes the Zwietering–Gompertz function of growth (7)

TðtÞ ¼ � 1ffiffiffi
2
p exp

�
�

ffiffiffi
2
p

t
�
; bE ¼ iZ

d

dt
;

DT2 ¼ h0jTðtÞ2j0i � h0jTðtÞj0i2;

DE2 ¼ h0j bE2j0i � h0j bEj0i2;
DT2DE2 ¼ Z2

4
h0jexp

�
�

ffiffiffi
2
p

t
�
j0i2: (28)

This result clearly indicates that the quantum formalism can

be directly applied to the macroscopic functions describing

crystal growth. It also proves that the Zwietering–Gompertz

growth function represents the so-called intelligent coherent

states; they not only minimize the time–energy uncertainty

relation but also maintain this relation in space due to its spa-

tial stability. Such non-local states differ from the ordinary

time-like coherent states, which maintain the position–momen-

tum Heisenberg relation in time due to its temporal stability.52
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